GENERALIZATIONS OF A LAPLACIAN-TYPE EQUATION IN THE 
HEISENBERG GROUP AND A CLASS OF GRUSHIN-TYPE SPACES 
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Abstract. In Y, Beals, Gaveau and Greincr find the fundamental solution to a 2- 
Laplace-type equation in a class of sub-Riemannian spaces. This solution is related to 
the well-known fundamental solution to the p-Laplace equation in Grushin-type spaces 
[S] and the Heisenberg group !6| . We extend the 2-Laplace-type equation to a p-Laplace- 
type equation. We show that the obvious generalization does not have desired properties, 
but rather, our generalization preserves some natural properties. 



1. Introduction and Motivation 

In [2j, fundamental solutions to a generalization of the 2-Laplace equation were found 
in a wide class of sub-Riemannian spaces. This class includes some of the spaces in 
P, im IS] • The methodology of [2] mixes the geometric properties of the space with the 
linearity of the 2-Laplace operator. In this article, we study the generalization of [2J and 
look to extend it to an equation based on the p-Laplace equation for 1 < p < cxd. Because 
the p-Laplace equation is nonlinear, we face some technical issues, the first of which is 
the proper way to generalize the original equation. In Section 3 we discuss the original 
equations of [2] and in Section 4, we find that a seemingly "natural" generalization 
is not optimal. In Section 5, we will find a generalization that extends the 2-Laplace 
equation while maintaining the connection to the fundamental solutions of the p-Laplace 
equation and in Section 6, we explore the limiting case as p — > oo. We focus on two 
specific classes of sub-Riemannian spaces, namely, Grushin-type planes, which are two- 
dimensional sub-Riemannian spaces lacking a group law, and the Heisenberg group, a 
sub-Riemannian space possessing a group law. For the sake of completeness, we highlight 
the key properties of our environments in Section 2. 

This article is based on the Master's Thesis of the second author at the University of 
South Florida under the direction of the first author. The second author wishes to thank 
the Department of Mathematics and Statistics at the University of South Florida for the 
research opportunity that led to both the thesis and this article. 



2. The Environments 

We concern ourselves with two sub-Riemannian environments, the Heisenberg group 
and Grushin-type planes, which are 2-dimensional Grushin-type spaces. We will recall 
the construction of these spaces and then highlight their main properties. 
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2.1. The Heisenberg Group. We begin with M^"+^ using the coordinates (xi, X2, ■ ■ ■ , X2n, z) 
and consider the hnearly independent vector fields {Xi, Z}, where the index i ranges from 
1 to 2n, defined by 



d_ _ ^n+id if i< ^ < „ 



dz 

For i < j, these vector fields obey the relations 

Z a j = i + n 



otherwise 



and for all i, 

[X^,Z] = 0. 

We then have a Lie Algebra denoted /i„ that decomposes as a direct sum 

hn = Vi® V2 

where Vi is spanned by the X's and V2 is spanned by Z. We endow /i„ with an inner 
product (■ , ■)h and related norm || ■ ||e so that this basis is orthonormal. The corresponding 
Lie Group is called the general Heisenberg group of dimension n and is denoted by H"'. 
With this choice of vector fields the exponential map can be used to identify elements of 
hn and H" with each other via 

2n 

XiXi + ZZ e hn ^ {Xi,X2, ■ ■ ■ , X2n, z) G W. 

i=l 

In particular, for anyp, q in H", written asp = {xi, X2, ■ ■ ■ , X2n, Zi) and q = {xi, X2, ■ ■ ■ , X2n, Z2) 
the group multiplication law is given by 



1 " 

P ■ q = {Xi + Xi, X2 + X2, . . . , X2n + X2n, Zi + Z2 + - ^{XiXn+i " Xn+A)). 

The natural metric on H" is the Carnot-Caratheodory metric given by 

dc{p,q) = inf / IWit^ndt 



where the set T is the set of all curves 7 such that 7(0) = p, 7(1) = q and j'{t) G Vi. By 
Chow's theorem (See, for example, any two points can be connected by such a curve, 
which makes dc{p,q) a left-invariant metric on H". This metric induces a homogeneous 
norm on W^, denoted | ■ |, by 

H =dc(o,p) 

and we have the estimate 



2n 

\p' 



i=l 
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Given a smooth function u : H" — )■ M, we define the horizontal gradient by 

VqU = {XiU,X2U, . . .,X2nU), 

the full gradient by 

V-U = {XiU, X2U, X2nU, Zu), 

and the symmetrized horizontal second derivative matrix {D'^u)* by 

iiD\y),, = ^{X,X,u + X,X,u). 

Additionally, given a vector field F = Yli2i fi^i + f2n+iZ, we define the Heisenberg 
divergence of F, denoted div-^ F, by 

2n 

div«F = ^X,/,. 

i=l 

A quick calculation shows that when f2n+i = 0, we have 

div^ F = diveucii^ 

where divguci is the standard Euclidean divergence. The main operator we are concerned 
with is the horizontal p-Laplacian for 1 < p < 00 defined by 

2n 

A^u = divn{\\Vouf^-\ou) = J2x,{\\Vour^-'X,u) 

1=1 

2n 2n 

(2.1) = E " 2)11 Vo«|ir'^.||Vo«||^X,tx + II Vo«|ir'^.X,« 

i=l i=l 

= \\^oAm^{{v - 2)^(Vo||Vom||h, Vou)h + \\V Qu\\'^Y^^^^XiU^ . 

Definition 1. A function u : H" — )■ M is at the point p if Xiu{p) is continuous at p for 
alH = 1, 2, . . . , n and u is C"^ at p if XiXju{jp) is continuous at p for all i, j = 1,2, . . . ,n. 

For a more complete treatment of the Heisenberg group, the interested reader is di- 
rected to [I], [1], 0, [H] 0, [in], 113, US] and the references therein. 

2.2. Grushin-type planes. The Grushin-type planes differ from the Heisenberg group 
in that Grushin-type planes lack an algebraic group law. We begin with M^, possessing 
coordinates {1/1,1/2), a E R, c G {0} and n e N. We use them to make the vector 
fields: 

Yi = — and Y2 = c{yi - a)" — . 
oyi oy2 

For these vector fields, the only (possibly) nonzero Lie bracket is 

[Fi, Y2] = F1F2 - Y2Y, = cniy, - ay-^^. 

dy2 
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Because n is a natural number, we see that applying the Lie bracket n number of times 
gives us a nonzero vector at yi = a, namely, 

Z =[¥,,[¥,,■■ ■[¥,,¥,]]■ ■■] = cn\^. 

oy2 

Since ¥i and ¥2, as defined above, span when yi 7^ a, and ¥1 and Z span when 
yi = a, it follows that Hormander's condition is satisfied by these vector fields. 

We will put a (singular) inner product on M?, denoted {■,-)g, with related norm || ■ ||g, so 
that the collection {Yi, ¥2} forms an orthonormal basis. We then have a sub-Riemannian 
space that we will call Qn, which is also the tangent space to a generalized Grushin-type 
plane G„. Points in G„ will also be denoted hj p = {yi,y2)- The Carnot-Caratheodory 
distance on G„ is defined for points p and q as follows: 

dGip,q) = M J IWrn^dt. 

Here T is the set of all curves 7 such that 7(0) = p, 7(1) = q and 

7'(t)espan{yi(7(t)),r2(7W)}- 

By Chow's theorem, this is an honest metric. The Carnot-Caratheodory distance between 
p = {yi, ^2) and q = (yi, 2/2), can be estimated via Theorem 7.34 in [T] by 

dG{p,q) ~ \yi - yi\ + 1^2 - 2/2!^- 

We shall now discuss calculus on the Grushin-type planes. Given a smooth function / 
on G„, we define the horizontal gradient of / as 

Vo/(p)= (Fi/b),i"2/(p)). 

We also consider the symmetrized 2x2 second-order horizontal derivative matrix with 
entries given by 

{{D'f{p)n,^{¥^,f{p) + ¥,¥J{p)) 

Similar to the Heisenberg case, we have the following natural definitions: 
Definition 2. 

• The function / : G„ — )■ M is said to be at the point p = (2/1,2/2) with yi ^ a if 
¥if is continuous at p ioi i = 1, 2. Similarly, the function / is at p if ¥i¥jf is 
continuous at p for z, j = 1, 2. 

• The function / : — M is said to be Cq at the point p = (0,2/2) if ^1/ is 
continuous at p. Similarly, the function / is at p if ¥i¥if is continuous at p 
and, if n = 1, ¥\¥2j is continuous at p. 
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Using these derivatives, we consider a key operator on Cq functions, namely the p- 
Laplacian for 1 < p < oo, given by 

Ap/ = div(iivo/iirVo/) = ri(iivo/iir'>^i/)+r2(iivo/iir'>^2/) 

= i(p - 2)11 Vo/|ir>^i||Vo/|||yi/ + II Vo/|ir'>^iFi/ 
+ i(p - 2)11 Vo/|ir'^2|| Vo/|||r2/ + II Vo/|ir'>^2K,/ 

(2.2) = i(p - 2)\\Vof\\l-\Y^\\Vof\\lY,f + Y,\\Vof\\lY,f) 
+ l|Vo/|ir'(^i^i/ + ™/) 

= II Vo/|ir'((P - 2)^(Vo||Vo/||L Vo/)g + ||Vo/||^(Fiyi/ + TO/)) . 

3. Motivating Results 

3.1. Grushin-type Planes. Bieske and Gong [5J proved the following in the Grushin- 
type planes. 

Theorem 3.1 (|5J). Let 1 < p < oo and define 

f{y„ y,) = c\y, - a)(2"+2) + + i)\y, _ bf . 
For p ^ n + 2, consider 

n + 2- p 



' (2n + 2)(l-p) 
so that in G„ \ {(a, b)} we have the well-defined function 

- ^ / f{yi,y2p + 2 

\ log /(yi, 1/2) p = n + 2. 
Then, Apipp = in G,„ \ {{a,b)}. 

In the Grushin-type planes, Beals, Gaveau and Greiner [2] extend this equation as 
shown in the following theorem. 

Theorem 3.2 (BGG). Let L G M. Consider the following quantities, 

— n — Ti 

a = - r{l + L) and /3 = ril - L) 

(2n + 2)^ ^ ^ (2n + 2)^ ' 

where L G M. We use these constants with the functions 

g{yi,y2) = c{yi- a^^' +iin + l){y2-b) 

Hyuy2) = c(|/i-a)"+i-^(n + l)(y2-6) 
to define our main function f{yi,y2), given by 

f{yi,y2) = 9{yi,y2THyi,y2f 

Then, A2/ + tL[Y,, Y^jf = m G„ \{{a,b)} . 
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3.2. The Heisenberg Group. Capogna, Danielli, and Garofalo [6] proved the foUowing 
theorem. 

Theorem 3.3 ([6j). Letl < p < oo. In IT \ {0}, let 

2n s 2 

u{Xi,X2, . . . ,X2n,z) = [ [ ^X^A + 16z^ 



For p^2n + 2, let 

_2n + 2-p 
4(1 -p) ' 

and let 

u{xi,X2, ■ ■ ■ ,X2n,z)'^'' p ^ 2n + 2 



\ \ogu{xi,X2,...,X2n,z) p = 2n + 2. 

Then we have ApCp = ^n H" \ {0}. 

In the Heisenberg Group, Beals, Gaveau, and Greiner [2] extend this equation as shown 
in the foUowing theorem. 

Theorem 3.4 (BGG). Let L G M. Consider the following constants, 

L-1 -{L + 1) 
7] = and T = 



together with the functions, 

2n 

v{Xi,X2,. . . ,X2n,z) = {^x'^j)-Aiz 

i=i 

2n 

w{Xi,X2, . . . ,X2n,z) = x'^j) + H Z 

i=i 

to define our main function, u{xi,X2, ■ ■ ■ , X2n, z) given by 

u{Xi,X2, . . .,X2n, Z) = v{xi,X2, . . ■,X2n, z)'^w{xi, X2, ■ ■ .,X2n, z)^ . 

Then, in H" \ {0}, we have A2U + iL J2]=i[-^ji ^j+n]u = 0. 
Observation 3.5. In G„ \ {(a, b)}, we have when p = 2, 

n 

f2{yi,y2) = {c\yi - af-+^ + (n + lf{y2 - 6)^)~2n + 2 

solves 

A2/2 = 0. 

Also, 

fiivi, 2/2) = g{yi, y2r^^^^^^h{yi,y2)~^^^~^^ 

where 

9{yu y2) = c{yi - a)"+^ + i{n + l){y2 - b) 

and 

h{yi, y2) = c{yi - a)"+^ - i{n + l)(?/2 - b), 
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solves 

A2TL + iL[Y,,Y2]TL = 0. 
Notice that the equations and solutions coincide when L = 0. That is, 

/o = /2- 

Similarly, m H" \ {0}, 

2n _2n 
4 



solves 



i=l 



Also, 



where 



and 



solves 



A2U2 = 0. 



UL{Xi,X2,...,X2n,Z)=v{Xi,X2,...,X2n,Z) 2 w{Xi, X2, ■ ■ ■ , X2n, Z) 2 



2n 

X2, . . . , X2n, z) = {^xfj - Aiz 

2n 

w{Xi, X2,..., X2n, ^) = ( X] ^i) + 



A2UL + il'^lXj, Xj+n]uL = 0. 

Again, the equations and solutions coincide when L = 0. So again, 

Uq = U2. 

We then ask the following: 

Main Question. Can we extend this relationship in both G„ \ {(a, h)} and in H" \ {0} 
for all 1 < p < oo? That is, can we find an operator L) so that (pp^i is a solution 
to L)(j)p^L = 0, for all p, 1 < p < oo and for all L G M. In addition, we should have 

(3.1) $(p,0) = A, 

and 



(3.2) 



$(2, L) = A2 + iL[Yi, Y2] in the Grushin case, 

$(2, L) = A2 + iL Yl,'j=i\'^ji ^i+n] Heisenberg case. 



Additionally, we would like to have 02, l ^-5 the solution from [2\ and (pp^ is the solution 
from [5j in the Grushin case or [6J in the Heisenberg case. 

In order to answer this question, we first look at a good candidate for what the solution 
should be in each environment. 
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3.3. The Core Grushin Function. For the Grushin-type planes, we consider the fol- 
lowing for p 7^ 72 + 2: 

n + 2-p 
" = (l-p)(2n + 2)^' + ^) 

' (l-p)(2n + 2)^ ^ 

where L G M. We use these constants with the functions 

g{yi,y2) = c{yi - ay'+' + i{n + l){y2 - b) 
h{yi,y2) = c(?/i -a)"+i -2(n + l)(?/2-?>) 

to define our main function /p,l(z/i, I/2), given by 



/p,l(2/i,2/2) 



9{yi-,y2Th{yi^y2Y + 2 

log {g^+^h^-^) p = n + 2. 



From Theorems 13.11 and 13.21 we have /p,l(2/i, 2/2) solves 

Ap/p,i + 2L[yi,y2]/p,L = o 

in Gn when p is arbitrary and L = or when p = 2 and for all L. 

3.4. The Core Heisenberg Function. In the Heisenberg group, for p 7^ 2ri + 2, we 
consider the following quantities: 

" ^ ^<-^) 

where L G M. We use these constants with the functions 

2n 

v{Xi,X2,...,X2n,z) = {^xj)-Aiz 

i=i 

2n 

w{xi,X2,...,X2n,z) = {"^xD+Aiz 



to define our main function 'Up,l(xi, X2, . . . , X2n, z), given by 

I '7 

Up^LiXl,X2,...,X2n,z) = 

From Theorems 13.31 and 13.41 we have Up^iixi, X2, ■ ■ ■ , X2n , z) solves 



v{Xi,X2, . . . ,X2n,z)'^w{Xi,X2, ■ ■ ■,X2n, Z^ p 7^ 2n + 2 

log [y^-^vA^^^ p = 2n + 2. 



2n 



in \ {0} when p is arbitrary and L = or when p = 2 and for all L. 
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4. A Negative Result 

A "natural" generalization of the equation A2(f)+iL[Zi, Z2\(j) is Ap0+iL[Zi, Z2\(f> where 
Zi = Yi in the Grushin-type planes and Zi = Xi in the Heisenberg group H^. We now 
consider this equation in each of our environments. We will suppress the subscripts on 
the function / and on || ■ || for the upcoming formal computations. 

Theorem 4.1. Let fp ^, a, [3 be as in the previous section. Let p ^ n + 2 and /et L G M 
with L 7^ ±1 . Then in G \ { (a, 6) } 

A,/,,t + iL{p - 1)11 v„/,.ir-"|y'i, yy/,,! 

In particular, Apfp i + iL[Yi, Y2]fp^L need not be zero. 
Proof. Recall from equation (12. 2p . 

Ap/ = IIVo/r-'((p-2)^(yi||Vo/ir(yi/) + r2||Vo/f(F2/))) 

+ ||Vo/f (FiFiZ + rsya/)). 

Thus to show 

Ap/ + iL(p-i)||v„/r-=|yi.y2]/ 

we will consider 

II vo/r-^((p - 2)i(yiii vo/ir(yi/) + 12I1 vo/f (1^2/)) 

+ II Vo/f (^1^1/ + ™/)) + iL{v - 1)11 Vo/p-'iri, 1^2]/ 
L^ — 1 \ 2 + n — p / 

= IIVo/r^(^((p-2)^(n||Vo/f(ri/) + y2||Vo/f(y2/)) 

+ II Vo/ir(yiyi/ + Y^Y^f)) + ^L(p - 1)11 Vo/f [Fi, 1^2]/ 

H|v„/f^,-4)((E^fiii2^)(x..")(x,.^)). 
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We need only show that 

((p - 2)l(n||Vo/|r(yi/) + 1^2||Vo/f (1^2/)) 

+ \\Voff{Y,YJ + Y^Y^f)) + iL(p - 1) \\Vof\m, Y^jf 

To show this, we will require the following quantities. We compute for p 7^ n 

YJ = cin + l){y^~arg^-'h^-\ah + (3g) 

Yj = c{n+l){yi-arg^-'h''-\ag + f3h) 

Y2f = ic{n + l){y^-arg''-^h^-\ah-(5g) 

Y2f = ic{n + l){yi-a)''gf^-^h''-\-ag + (3h) 

Yi{YJ) = c{n + - aT-'g^-^h^-^ (ngh{ah + f3g) + 

c{n + 1) (yi - a)"+^ ((a/i + (3g) ((a -l)h-{(3- l)g) 

+ gh{a + ^)^^ 

Y2{Y2f) - -c2(n + l)2(yi-a)2V-'/i^-'x 

(^{ah + f3g){{a-l)h-{f3- l)g) - gh{a + . 

To proceed, we shall also need the following, 

X {ngh + c\n + l){a + p- l){yi - a)'"+') 

and 

y^llVo/ir = 2V(n + l)V' + /?')(?/i-«)'"(2/2-6) 

Using the above quantities, we now compute 

Y,\\Vofr{YJ) + Y,\\Vofr{Y,f) = 

X [{ah + Pg) {ngh + c^{n + l)(a + ^ - l)(yi - 0)^"+^) 
+ ic{n + lf{yi - a)"+i(y2 - 6)(a + /? - l){ah - /3g)^ 
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and 




We can then calculate 



(p - 2)1 (Fill Vo/fm/) + Y4Vofr{Y,f)) 
+ \\Voff{Y^Y^f + Y2Y2f) 

X (^{p - l){ah + /3g)ngh 

+ {p- 2)c\n + - a)2"+2(a + /3 _ i)(a;^ + j3g) 
+ ic{p - 2)(n + lf{y^ - aT+\y2 -b){a + P- l){ah - Pg) 
+ 2^c{n + - ay'+^a/3gh^ . 



iL{p-l)\\Vof\m,Y,]f = -2L{p-l)cMn + ma' + P') 



- 2'c\n + l)^(yi - a)^'^(a2 + /32)a/3/"+/3-2/,«+2/3-2 

(L^)(p-2)(l-np) 
(L2- l)(2 + n-p)' 



A = ((p-2)^(yi||Vo/HW) + >^2||Vo/m/)) 

+ II vo/ir(yiyi/ + + iL(p - 1) II Vo/inri, 1^2]/ 



- l|Vo/lP^(-4) (^^^f^) (X2.")(X2/.0. 




We will need the above quantity with 



af^-\ah- pg)g^^+^-^h^+^^-^ 



and 



We let A be defined as 
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We then compute 

X (^{p — l){ah + I3g)ngh 

+ ip- 2)c\n + l){y, - a)2"+2(c, + /3 _ + Pg) 

+ ic{p -2){n + lf{y^ - aY+\y2 - 6)(a + /3 - l){ah - (3g) 

+ 2\{n + l){yi - a)"+^a/3c//i) 

+ ( - 2L{p - l)c^n{n + lf{a^ + P^) 

- ( - 2^c\n + l)\y, - a)^"(a2 + /32)a/3/°+/5-2/i°+2/3-2 
(L2)(p-2)(l-np)- 



X 



l)(2 + n-p). 
ngh[p — 1) ((a/i + j3g) — L(ah — (3g)) 

c(p - 2)(n + - ay'+\a + /? - + /?) 

2c='(n + 1)3(^2 + _ ^^3n-1^2.+/3-3;^a+2/3-3 

X., s ,'(-1 +^^)(2 + n-p)~ 

X \n{p-l){h + g)' ^ 



2(l + n)(p-l) 

. n(-l + L2)(2 + r2-p) 

_i /n(-l + L2)(2 + r2-p)~ 



X c(?/i - ay 



(n + l) 



□ 



4.1. The Heisenberg group. Similar to the Grushin case (Theorem 14. II) . in the Heisen- 
berg group El\ Theorems 13.31 and 13.41 lead us to hypothesize that Up^i^xi, X2, x^) should 
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solve 



\Up,L + iL[Xi,X2]Up^L = 



for p arbitrary and L G R 

Unfortunately, we discover this is not the case. Again, we will suppress the subscripts 
on the function u and on || ■ || throughout our calculations. 



Theorem 4.2. Let p ^ 4. Then m \ {0}, 



ApU + iL[Xi,X2]u 



need not be zero. 



Proof. Recall from equation (12. ip . 



ApM = ||Vo«r-'((p-2)i(Xi||Votxf(Xi^i) + X2||VoMf(X2iz))^ 
+ \\Vouf{XiXiu + X2X2u)y 



Thus to compute 



ApU + iL[Xi,X2]u, 



we will consider 



l|Vo^^r-'((p - 2)i(Xi||Voi^f (Xin) 
+ X2||VoMf + \\Vouf{XiX^u + X2X2u)^ +iLZu 
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We compute: 

Xiu — 2v'^~^w'^~^ (^{rjw + Tv)xi + {rjw — Tv)ix2) 

Xiu — 2w^~^v'^~^ (^{ijv + Tw)xi — {fjV — Tw)ix2) 

X2U = 2v^~^w'^~^ {{rjw + Tv)x2 — {i]w — Tv)ixij 

X2U = 2w^~^v'^~^ {[rjv + Tw)x2 + {r]v — Tw)ixij 
llVowf = 2^r]^ + T^)v''+^-^w'^+^-\xl + xl) 
XiXiu = 2v'^-^w^-^(2{{7]w + Tv)xl 

+ {r]w — Tv)ixiX2) ((?7 — l)w + (r — 

— 2i{{r]w + Tv)xiX2 + {rjw — Tv)ix^ {~ iv ~ 1)'"^ + 1)'^) 
+ vw(2{xl + xI){t + 77) + vw{r]w + rv))^ 

X2X2U = 2v''-'^w''-'^(2{{t]w^tv)xI 

+ {—riw + Tv)ix\X2) ((?7 — '\)w + (r — V)v) 

+ 2i{{j]w + Tu)xia:2 + (— Tyty + Tu)ia;i) ( — (?7 — l)""^ + (r — l)!)) 

+ vw{^{x\ + X2)(77 + r) + (?7W + Tf )) j 
To proceed, we shall require the following, 

X f XxVW + 2(77 + T - + Xs)^ 



and 



8(77 + r - l)a:2-z(x? + x^) 



X I X2VW + 2(77 + T — l)a;2(a;^ + ^2)^ 



+ 8(77 + T - \)xxz{x\^x^^ 

Using the above, we can now compute 

Xi||Vo^x||'(Xitx) + X2\\Vmf{X2u) = 

X ^(t/w + Tv)vw{x\ + + {2{t]w + Tv){r] + t - l){xl + xl)^) 
— 8{rjw — Tv){r] + r — l)iz{xl + x^)'^ 
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and 



\\Vouf{X,X,u + X2X2u) = 

(^2vw{riw + Tv) + Avw{7] + t){x\ + Xg) 

+ 2((?7 - l)w + (r - 1)^;) (7710 + rf + x^) 

+ 2( — (?7 — + (r — l)t>) {r]w — tv){x\ + x\) 



We can now compute 



(p - 2)-[X4V^u\\\X^u) + X2||Vo«||'(X2n)j + \\V ^uW" {X^X^u + X2X2i.) 



1 



L(l + L^)(-4 + p)3(x^ + xi)g ' V4p*" 



4+L(-4+p)+5p 4+4£+5p-Lp 

A— At. A— At, 



-1 + P)^ 

(L(-4 + p)(x? + x^) + 4z(-l + p)p2;) . 
Using this, we calculate: 

ApM + iLZu = -8Lt;^(-3+^) [L{xl + 



4p 



4i2;) 



W2 



i(-3-L) 



□ 



5. A Generalization 

5.1. Grushin-type planes. In the previous section, we see our first instinct does not 
work as well as we wished. We now will put the equation given in Theorem 14.11 into 
divergence form. For the Grushin-type planes, we have 

(5.1) A.* + ,L[n,yd^ = div,(^;* + ^^^;* 

Inspired by the definition of Ap in Equation (12.21) we consider 



(5.2) Ap0 = divG 



Y2^ - iLYi^ 



p-2 



Fi0 + iLY^c, 
Y2cP-iLY^^ 



Using Equation (15. 2p . we have the following theorem. We will again suppress the 
subscripts on the function / and on || ■ ||. 



Theorem 5.1. On G„ \ {{a,b)}, we have 



\f = diVG 

Proof. First, we let 



YJ + iLY^f 
Y^f-tLYJ 



6 



p-2 



Y^f + iLY2f 
Y^f - tLYJ 



0. 



YJ + tLY^f 
Y^f-tLYJ 
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and then we consider the following reduction: 



+ Iip-mi\r'y2m% + mr'y2i2 

= l{p-'2m\r'{yim%+y2m%) 

+ iicr'(^i6+i^26) 



Thus to show Ap/ = 0, we need only show that 



A ^ i(p - 2){Y,m% + Y,m%) + unyiCi + 1^26) = 0. 



YJ = c(n + l)(y,-arg''-'h^-\ah + Pg) 

I2/ = ic(n + l)(yi-a)V"'/i''"'K-/5y) 

Yif + iLY2f = c(n + l)(yi-a)V"'/i^"'(«Ml-^)+/5^(l + ^)) 

YJ + imy = c(n + l)(yi-ar/i--V"'Ml-^) + ^Ml + ^)) 

Y2f-iLYJ = ic(n + l)(yi-a)V~'/i^~'(«Ml-^)-/5^(l + ^)) 

Y^r^iLYn = -ic(n + l)(?/i-ar/i"-y-i(a(/(l-L)-/3/i(l + L)) 




Case We compute for p 7^ n + 2, 



Y^f - iLY^f 



2c\n + lf{y^ - a)2"5"+^-i/^"+'3-i 
x(a2(i_L)2 + /32(i + L)2). 



We then calculate: 
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We can then calculate 
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Y^f - iLY^f 



2c^(-l + L 



2\2 



(_l + p)3^/,^ 

X (1 + n)(2 + n - pfivi - a)-^+2"/i^+^ 

X {c\yi - a)'+'" + n(l + n)(-l + p)(?/ - 6)2)5^^^+1^^ 



and 



Yo 



YJ + iLY2f 
Y^f - iLYJ 



2\2 



2c''(-l + L') 



X (1 + n)(2 + n - p)2(l + np)(|/i - a)^"/i^+^ 
X - Z/2)^^^^ 



Using the above quantities, we compute 

^ / t -I- 1 I t 2 



1^2/ - ^LY^f 



(5.3) 



and 



(Fi/ + ^Ly2/)+i2 
1 



YJ + tLY2f 
Y^f - iLY^f 



(Y^f-tLYj) = 
2c\-l + Lj\l + n)(2 + n - pf{y, - a)^" 



YJ + iLY,f 
Y^f - iLY.f 

1 



(-3+Z,)(2+n-p) (3+Z.)(2+n-p) 
X /i 2(l+n)(-l+p) g 2(l+n)(-l+p) 



+ iLY^f) + y2(i^2/ - ii^il/)) = 

c4(_i + l2)3(i + ^)(2 + n - p)3(-2 + p)(yi - a)^" 



(-3+L)(2+n-p) (3+I.)(2+n-p) 
X /l 2(l+n)(-l+p) g 2(l+„)(-l+p) _ 



We can then calculate 



4n 



(-3+L)(2+n-p) (3+L)(2+n-p) \ \ 
X /l 2{l+n)(-l+p) g 2(l+n)(-l+p) J 



+ ( ( (-I + pVwO (''^"' + "^'^'^^ + n)(2 + n - p)3(-2 + p)(,, - a)^" 



(-3+£)(2+n-p) (3+I,)(2+n-p) 
X /i 2(l+n){-l+p) g 2(l+n){-l+p) 



0. 
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So we have Ap/ = when p 7^ n + 2. 
Case 2: For p = n + 2, we compute: 



/1 + L l-L 



Y^f = tcin+l){y,-ar 



V 9 



h 



YJ + iLY,f = -(^i-^ (2c2(L2-l)(n+l)(yi-a)2"+^) 



(5.4) 



(5.5) 



YJ + iLY2f = YJ + tLY2f 



Y2f-iLYJ = (J-^(2c{L'-l){n + lf{yi-any2-b)) 



Y^f-iLY^f = Y^f-iLY^f 
2 



Y.f + iLY^f 
Y2f - iLYJ 



We then calculate: 



yi(yi/ + iLY2f) + Y^iY^f - iLYJ) = 

-(^^) (2c2(L2-l)n(n+l)(yi-a)^"). 



We can then calculate 

, YJ + iLY^f 
Y2f-iLYJ 



8c'{L'-lf{n+iy 



Yo 



YJ + tLY2f 
Y2f - iLYJ 



X {y, - af-\c\y^ - a)^"^^ + n{n + l)'{y2 
x{yi-af'\y2-h)). 



Using the above quantities, we compute 



+Y2 



YJ + iLY2f 
Y2f - iLYJ 



YJ + tLY2f 
Y2f - iLYJ 



{YJ + tLY2f) 
(F2/ - ^LY^f) = 



{lQc\L^-lf{n+lf{y^-aY^) 
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and 



YJ + iLY2f 
Y^f-tLYJ 

1 



{ghy 



{Y,{YJ + iLY^f) + ^2(12/ - iLY^f)) 



We can then calculate 
1 



A 



{l6c\L'-lf{n + lf{y^-aY-) 



+ 



(8c^(L2 - lfn{n + l)^{yi - a)^") 



(ghy. 



Thus Ap/ = for 1 < p < 00 and for aU L e M. 
We then conclude the following corollary. 



□ 



Corollary 5.2. Let p > n + 2. The function f^^L, as above, is a smooth solution to the 
Dirichlet problem 

A;/(p) = peGn\{{a,b)} 
p = {a,b). 

5.2. The Heisenberg Group. We begin by considering the 2nxl vector T with com- 
ponents 



XkU + iLXn^kU when k — 1,2, ... ,n 



X^u — iLXk_„u when k — n + l,n + 2, . . . , 2n. 

Motivated by the Grushin case, we consider the equation 

A;w-div^(||Tr-2T) = 

in \ {0}. We then have the following theorem. We will again suppress the subscripts 
on the function u and on || • {|. 

Theorem 5.3. In W \ {0}, we have 

A;u = dwn{\\rr-^T) = 0. 
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Proof. Following Equation (12. ip . we have the following reduction: 

2n 

a;^ = div^(iiTr-2T) = 5^x,(iiTr-%.) 



2ra 2n 



= i(p - 2)iiTir^ |]x,iiT||%- + f; iiTr^^T 

i=i j=i 

/ 2n 2n 

(5.6) = ||Tr-M-(p-2)5^X,||T||%-+||Tf 5^X,T 



2^-1^ -/ / ^ - II - II -J ' II - II / j ' -J ~j 



Thus to show ApU = 0, we will show that 



2n 2n 



(5.7) lip-2)Y.X,\\TrT, + \\Trf^X,T, = 0. 

We first consider the case p 7^ 2n + 2. 
For = 1, 2, . . . , n, we have 

XkU = 2v^~^w'^^^ [{rjw + Tv)xk — {—rjw + Tv)iXn+k) 
and for I = n + l,n + 2, . . . , 2n, we have 

Xiu = 2v^~^w^~^ (^{ijw + Tv)xi + {—r]w + Tv)ixi^n) ■ 
We then have k = 1,2, . . . ,n, 

XkU + iLXn+kU = 2v'^'^w'''^ {^r]w + tv) {xk + iLxn+k) + ivw - tv) {Lxk + ixn+k) 

and X^u + iLXn^kU = 2w^^''v'^^^ (^r]v + Tw){xk — iLxn+k) + {'H^ — 'rw){Lxk — ixn+k) 
and for / = n + 1, n + 2, . . . , 2n, we have 

Xiu - iLXi_nU = 2v'^~^w^~^ ( {'qw + tv){xi - iLxi^n) + [f]'^ - rv){Lxi - ixi-^n) 



and Xiu — iLXi^nU = 2w^ ^v'^ ^ y{r]v + tw){xi + iLxi^n) + iv^ ~ + '>'^i-n) 
A routine calculation produces 

(B.8) IITf = ^^^^^^(L^ - l)^(^x|).„Sf»Sf 



which yields 
where 

_ L{p- {2n + 2)) + {Qn-2) +5p ^ _ -L(p - (2n + 2)) + 5p + (6n - 2)) 

4(1 -p) '''' 4(1 -p) 
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In addition, we have 

(5.10) tx,r, = -(2n + i) 'P-^''^-'T^^>' (L^-i)(E-^;)"V 

3 = 1 ' j=l 

where 

^ L(p - (2n + 2)) + (2n - 2) + 3p ^ ^ -L(p - (2n + 2)) + 3p + (2n - 2)) 

^ = 7T. ^ and £ = --; r . 

4(1 -p) 4(1 -p) 

Combining Equations (15. 8 p and (IS.lOp we obtain 

(5.11) IITf f;X,T, = -(2n + l)(p-2) (P-f_" + '^^' (L^ - lf(f;x;)>^^ 

with M. and OJl defined as above. Equation (15. 7p then holds. 

The proof of the case p = 2n + 2 is similar and omitted. □ 

The following corollary naturally follows: 

Corollary 5.4. Let p > 2n + 2. The function Up^i, cls above, is a smooth solution to the 
Dirichlet problem 

A'puip) = pe \ {0} 
p = 0. 

6. The limit as p oo 
6.1. Grushin-type planes. We recall that on G„ \ {(a, b)}, we have 



with ^ defined by 

e = 

Formally letting p — )■ oo, we obtain 



Aoo/ = (riiien% + (y2iien%. 

Also formally letting p — )■ oo, produces the function 

f 00, L{y I, y2) = 9iyuy2)^h{yi,y2)^ 

where we recall the functions g and h are given by 

9iyi,y2) = c(2/i-a)"+^ + ^(n + i)(?/2-&) 
hiyi,y2) = c(i/i-a)"+i-z(n + l)(2/2-fe). 
We have the following theorem. 
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Theorem 6.1. The function /oo,l, cls above, is a smooth solution to the Dirichlet problem 



Aoo/oo,l(p) = peGn\{{a,b)} 
p = {a,b). 

Proof. We may prove this theorem by letting p — )■ oo in Equation (15.31) and invoking 
continuity (cf. Corollary 15.21) . For completeness, though, we compute formally. 
We first make the following definitions: 



so that we may compute 

Yif 

Y2f 

Ci = YJ + iLY2f 



YJ + iLY2f 
i2 = Y2f-iLY,f 



Y^f - iLYJ 

2 



A^1±L and 

2n + 2 2?i + 2 



c(n + l){yi - a)''g^-^h^-\Ah + Bg) 

ic{n + l)(?/i - aYg'^-^h^-^{Ah - Bg) 

c{n + l)(2/i - aYg^~^h^'^ {Ah{l - L) + Bg{l + L)) 

c\l-L'){y,-ar^'g^-'h^-' 

c[n + - afh^-^g^-^ {Ag{l - L) + Bh{l + L)) 

ic{n + l){yi - aY'g^'^h^'^ {Ah{l - L) - Bg{l + L)) 

c(l - L'){n + l)(2/i - any2 - b)g^''h''-' 

~ic{n + l){yi - aYh^-^g'^-^ {Ag{l - L) - Bh{l + L)) 



YJ + iLY2f 
Y2f - iLYJ 



c\yi-aY^g 



2n ^A+B-lj^A+B-l 



ur- 

We then have 

Yiur 

and Y,Uf 
so that 

Yim% = 2c\l-Lyn{n + iny,-ar{y,-bf{gh)^g^'-'h^-' 
and yslieir^ = -2c\l-Lyn{n + lf{yr-af''{y2-bf{gh)^g^-'h^-\ 
The theorem follows. 



2c2(l - L^fn{n + l)\y, - af"-\y2 - bf{gh)^^ 
-2c\l - L^nin + l)iy, - af^iy2 - b){gh)^ 



□ 



We notice that when L = 0, this result is already well-known as Corollary 3.2 in [5J. 
In particular, combined with [5], we have shown the following diagram commutes in 
G„\{(a,6)}: 



Ap/p,L = > Aoo/oo,L = 

p— i>00 



Ap/p.o = 



p— >oo 



L-)>0 
Aoo/oo,0 = 
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6.2. Heisenberg group. We recall that in H", the vector T has components 

XkU + iLXn+kU when k = 1,2, ... ,n 



so that we have 



XkU — iLXk-nU when k = n + l,n + 2, . . . , 2n. 



A^u = divn{\\r\r'T) = 
in H" \ {0}. As in the Grushin case, we formally let p — )■ oo and obtain via Equation 

2n 

A;:« = 5^(X,||Tf)T,-. 
Also formally letting p — )■ oo, produces the function 



l+L 
4 



Uoo,L{^1^^2,---,X2n,z)=v{Xi,X2,...,X2n,z) * w{xi, X2, ■ ■ ■ , X2n, z) 

where we recall the functions v and w are given by 

2n 

v{Xi,X2,...,X2n,z) = ( ^ X^) - 4zZ 

2n 

w{Xi,X2, ■ ■ ■ ,X2n,z) = ( ^ X^) + 4z2. 

i=i 

We have the following theorem. 

Theorem 6.2. The function u^q^l, cls above, is a smooth solution to the Dirichlet problem 



Aoo«oo,l(p) = pGH"\{(0)} 
p = 0. 

Proof. We may prove this theorem by letting p — )■ 00 in Equation (15. 9p and invoking 
continuity (cf. Corollary 15. 4p . For completeness, though, we compute formally. 
We first make the following definitions: 

A = and B = 

4 4 

so that we may compute We then have k = 1,2, . . . ,n, 

Tk = XkU + iLXn+kU = 2v^'^w^^^ (^{Bw + Av){xk + iLxn+k) + (Bw - Av){Lxk + ixn+k) 

and XkU + iLXn+kU = 2w^~^v"^^^ ^{Bv + Aw){xk — iLxn-^-k) + {Bv — Aw){Lxi: — iXn+k) 
and for I = n + l,n + 2, . . . , 2n, we have 

T; = Xiu — iLXi_nU = 2v^'^^w'^~^ I {Bw + Av){xi — iLxi^n) + (Bw — Av){Lxi — ixi^n] 



and Xiu — iLXi^nU = 2w^ ^v'^ ^ [ [Bv + Aw){xi + iLxi-n) + {Bv — Aw){Lxi + ixi^n, 
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and so 

2n 



For k = 1,2, ... ,n, 



2n 



2n 



and for / = n + 1, n + 2, . . . , 2n, we have 



2n 2n 

j=l ' ' j=l 

2n 



Xi\\T\\' = {L'-lf(2xi{vw)-'^-2xi(^J2'^') {vw)-'^)-8{L'-lfzxi^n{vw)-IJ2 

2n 

= 8z{L'' - l)\vw)-^ (Azxi - xi_n J2 



For k — 1,2, . . . ,n this yields 



2n 



X ( ((1 - L)w + (1 + + iLxn+k) + ((1 - ^)^« - (1 + L)v){Lxk + 

2n 



Az{L^-lf{vw) i(Azxk + Xn+k^ 

' 2n 2n 

(2 ^ ^ xfj - 8Liz) {xk + iLxn+k) + {9>iz - 2L ^ x^) (Lx^ + iXn+k) 

2n 2ri 

(6.1)= 82;(L2 - l)^M-i(4zxifc + x„+fe^x5)^;^-^w;^-^(4^x„+fc -Xfe 
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and for / = n + 1, n + 2, . . . , 2n, we have 
XiWTfTi = 4z{L'~invwrl{Azxi-xi.r.Yl 



2n 



X ( ((1 - L)w + (1 + L)v){xi - iLxi_n) + ((1 - L)w - (1 + L)v){Lxi - ixi^ 

2n 



8z{L'^ - l)^{vw) 2 (^4:ZXi - xi^n ^ a;^ 



2n 

„2n 



(6.2) x(-4zxi_„ -X;^, 
Combining Equations (16. ip and (16. 2 p along with an index reordering produces 

2n 

^X,(||Tf )T,- = 8;2(L2 - l)\vw)-iv''-^w'^-^ X = 0. 



□ 



We notice that when L = 0, this result was a part of the Ph.D. thesis of the first author 
[3^. In particular, combined with [31 H], we have shown the following diagram commutes 
in H" \ {0}: 



p— i>oo 



L-i>0 



[2] 
[3] 
[4] 
[5] 
[6] 

[7] 
[8] 
[9] 



ApMp,o = V AooMoo.O = 

p— >oo 
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